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S U M M A R Y
A method based on the non-linear system identification technique is suggested for estimating
the contents of the non-linear components, which are the result of quadratic, cubic and higher-
order non-linearities, in the ground response during the strong motion. The method is applied
to data from the near-fault zone of the 1995 Kobe earthquake, and the contents of linear
and non-linear components in the ground response, changing with time during the strong
motion, are estimated for Port Island (PI), SGK and TKS sites, located at 2, 6 and 15 km
from the fault plane, respectively. At PI, the non-linear part of the response increased with
developing liquefaction, it was as high as ∼ 40–60 per cent of the intensity of the response.
At SGK and TKS sites, the non-linear components of the response did not exceed ∼40 and
∼13 per cent of the intensity of the response, respectively. Odd-order non-linear components
predominated in the soil response, whereas even-order non-linear components increased and
became comparable with odd-order ones in liquefied soils and in cases of high intensity of
the strong motion, when the loading parts of the stress–strain relations of the upper layers
gained noticeable even components. As a whole, the contents of odd-order and even-order
components in the soil response are determined by the shapes of the stress–strain relations
in the upper most non-linear soil layers. At the three sites, changes in spectra of earthquake
signals in subsurface soil layers were substantial as a result of the high non-linearity of the
soil behaviour and spectra of signals on the surface tend to take the form of E( f ) ∼ f −k .
The limiting spectral shape was achieved during the Kobe earthquake at PI and SGK sites.
The proposed methods for processing vertical array records allow understanding of seismic
wave transformations in subsurface soils and are useful for predicting the soil behaviour during
future earthquakes.

Key words: non-linear behaviour of soils, non-linear system identification, strong ground
motion, types of soil non-linearity.

1 I N T RO D U C T I O N

The non-linear behaviour of soils in strong ground motion explains
the well-known fact that on soil sites, records of weak earthquakes
qualitatively differ from records of strong ones. Quantitative char-
acteristics of the soil non-linearity and estimates of the ground re-
sponse at a given site during the strong motion of any arbitrary
intensity are necessary for practical applications in seismology.
However, because the soil response depends on many factors, such
as the composition and thickness of the soft deposits, their satura-
tion with water, the level of the underground water, and the magni-
tude and frequency content of an earthquake, the problem is rather
complicated, and for a long time it remained as one of the urgent
problems in seismology, inducing controversies and discussions.

During the 1960s–1970s, after the catastrophic earthquakes in
Niigata and Anchorage, laboratory (Hardin & Drnevich 1972) and

field (Vasil’ev et al. 1969) experiments aimed at studying non-linear
elastic properties of soils began. In these experiments, non-linear
hysteretic stress–strain relations were obtained for various types of
soils. The questions arose, what corrections should be introduced
into state equations of soils and fractured weathered rock to ac-
count for their elastic non-linearity? How large are these correc-
tions for various types of soils and what is the threshold of strains,
when they become significant? What is the mutual influence of the
non-linearity of the medium, dispersion and absorption on seismic
wavefields?

To estimate characteristics of elastic non-linearity of geologi-
cal media, field experiments were performed and non-linear wave
effects in seismic fields were studied, such as, interaction of seis-
mic waves, generation of combination-frequency harmonics and the
constant components of the wavefields, seismic solitary waves, in-
version of the seismic wave front, etc. (Aleshin et al. 1981; Gushchin
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& Shalashov 1981; Lund 1983; Shalashov 1984; Groshkov &
Shalashov 1986; Dimitriu 1988, 1990; Groshkov et al. 1991, etc.).
In these experiments, effective parameters of non-linearity, defined
as the ratios of elastic parameters of the third and second, or the
fourth and second orders (i.e. characteristics of the quadratic and
cubic non-linearity), were estimated for subsurface soils. The ob-
tained estimates, N = 102 ÷ 104 (Gushchin & Shalashov 1981;
Shalashov 1984; Groshkov et al. 1991) were substantially higher
than those for crystals and polycrystals: N = 1 ÷ 10 (Zarembo &
Krasil’nikov 1966). This fact was explained by the model of the non-
linear deformation of an inhomogeneous elastic–viscous medium.
The model phenomenologically accounts for a large number of non-
elastic viscous bonds with various relaxation times, which connect
microblocks and macroblocks (Groshkov & Shalashov 1986). It was
theoretically shown that, in conditions of loading or unloading of
such a medium, the most soft bonds experience the largest defor-
mations; as a consequence, effective values of parameters of non-
linearity substantially increase (Groshkov & Shalashov 1986). As a
result, non-linear corrections in state equations of geological mate-
rials become comparable with linear terms even at strains as small as
∼10−7 –10−4, according to Gushchin & Shalashov (1981), ∼10−8,
according to Zimenkov & Nazarov (1993), and ∼10−7, according
to Van Den Abeele & Johnson (1996).

Observational validations of soil non-linearity were difficult to
find in strong motion records, but the strong motion database grew
quickly in the last decades and now seismologists can directly ob-
serve the presence of non-linear components in accelerograms as
characteristic waveforms (Archuleta 1998). However, it is not often
clear how much elastic non-linearity of soils influences seismic os-
cillations on the surface. If only records at the surface are available,
it is difficult to distinguish the influence of topography, inhomo-
geneities in the crust, source directivity, etc. from the effects of soil
non-linearity. The 1994 Northridge earthquake provided an illustra-
tive example of the fact. Combined results from numerous alluvial
recording sites testify that the decrease in the amplification of the
main shock on sediments, compared with the amplification of after-
shocks, was caused by a significant non-linearity of sediments (Field
et al. 1997). However, another explanation, though rather difficult,
with linear wave propagation models is also possible (O’Connell
1999).

Thus, observations of the strong motion in situ and seismic verti-
cal arrays are necessary for understanding non-linear phenomena in
subsurface soils (Kudo 1995; Bard & Pitilakis 1995). The behaviour
of soils in situ in strong ground motion is not explored enough, and
often it can not be satisfactorily described by the existing models
and properly understood. This is partially a result of the fact that, in
strong ground motion, soils do not only change the parameters of
the propagating seismic waves, but they also change their proper-
ties. Phase transitions can occur, when soils are liquefied or saturated
with gas bubbles. As known from physics, such multiphase media
possess strong elastic non-linearity. These processes, occurring in
soils in strong ground motion, are important for understanding the
soil behaviour and the necessary experimental data can be obtained
from observations in situ.

Networks of borehole instruments (Kik-Net, Japan; DART, Taipei
basin; Southern California Earthquake Center, Los Angeles basin;
Bay Bridges, San Francisco) are developing worldwide. Accumu-
lation of experimental data on strong ground motion in various soil
conditions could provide the answers to virtually all the questions
that are interesting for seismologists. Where in the soil column does
the response become non-linear? At what level of strain (stress) does
the non-linear response occur? How is the non-linear response man-

ifested in the observed ground motion? What properties of the soil
that can be measured in situ are most important in affecting non-
linearity? If a soil column experiences the non-linear response, does
it return to a state with the same linear (or nearly linear) response?
At what time period? (Archuleta & Steidl 2001).

Pavlenko & Irikura (2002b, 2003) have shown that strong motion
records, provided by seismic vertical arrays, allow estimation of
the non-linear hysteretic stress–strain relations in the soil layers
at different depths from the surface down to the location of the
deepest device. Records of the 1995 Kobe earthquake were analysed
and vertical distributions of stress–strain relations in soil layers,
changing with time during the strong motion, were obtained for Port
Island (PI), SGK and TKS vertical array sites, located at distances
of 2, 6 and 15 km from the fault plane, respectively.

The obtained numerical models of the soil behaviour at the three
sites were tested by the Gaussian white noise, and the contents of lin-
ear and non-linear components in the soil response were estimated
at the beginning, middle and final periods of the strong motion
(Pavlenko & Irikura 2002b). Changes in spectra of the propagat-
ing signals were studied and it was found that spectra of signals
on the surface tend to take the form of E ∼ f −n , as a result of
mutual interactions of separate spectral components of propagating
seismic signals. This conclusion is evidently important, because it
means that in cases of strong non-linearity input signals of any arbi-
trary spectra are transformed in soil layers into signals of the same
spectrum of the type E ∼ f −n , i.e. we loose information about
the spectral compositions of input seismic signals. Deconvolution
and other procedures aimed at reconstructing parameters of input
signals based on surface records are impossible in cases of strong
non-linearity. Therefore, it would be useful to have a representation,
what strong non-linearity means and how high is the influence of
the soil non-linearity on the ground response at various distances
from the fault plane in various types of soils.

Vertical array records of the 1995 Kobe earthquake at PI, SGK and
TKS sites provide all the necessary data for such a kind of analysis.
This paper describes the detailed study of the soil behaviour at the
three sites during the main shock of the Kobe earthquake and the
detailed analysis of transformations of spectra of seismic signals
in the near-fault areas. Estimates obtained in (Pavlenko & Irikura
2002b) are defined more exactly and completely.

2 M E T H O D A N D DATA

In system analysis, the non-linear identification of a system implies
determination of linear and non-linear domains of the system re-
sponse and construction of such a mathematical model of a system
that its seismic response coincides with the response of the real phys-
ical system (Marmarelis & Marmarelis 1978). Soil profiles can be
represented as non-linear systems (because of the non-linear stress–
strain relations), transforming input seismic signals into the ground
response, i.e. movement on the surface. The most quick and effective
method for the non-linear system identification is testing the studied
system with the Gaussian white noise and calculating the Wiener
kernels (Marmarelis & Marmarelis 1978). If an input is the Gaus-
sian white noise, an output can be represented as the Wiener series
(Marmarelis & Marmarelis 1978):

y(t) =
∞∑

m=0

Gm[hm(τl , · · · , τm); x(t ′), t ′ ≤ t], (1)

where Gm are orthogonal functionals, if x(t) is the Gaussian white
noise with a zero mean, {hm(τ 1, . . . , τ m)} is a sequence of the
Wiener kernels and τ 1, . . . , τ m are time delays. The first four Wiener
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functionals are:

G0[h0; x(t)] = h0, (2)

G1[h1; x(t)] =
∫ ∞

0
h1(τ )x(t − τ )dτ, (3)

G2[h2; x(t)] =
∫

0

∫ ∞
h2(τ1, τ2)x(t − τ1)x(t − τ2) dτ1 dτ2

− P

∫ ∞

0
h2(τ1, τ1) dτ1, (4)

G3[h3; x(t)] =
∫ ∫ ∞

0

∫
h3(τ1, τ2, τ3)x(t − τ1)

× x(t − τ2)x(t − τ3) dτ1 dτ2 dτ3

− 3P

∫ ∞

0

∫
h3(τ1, τ2, τ2)x(t − τ1) dτ1 dτ2, (5)

where τ is time delay and P is the intensity of the Gaussian white
noise not depending on frequency.

Orthogonality of terms in the Wiener series provides substan-
tial advantages in the non-linear system analysis, because the
Wiener kernels can be easily calculated by the method of the cross-
correlation functions and a limited number of terms in the Wiener
series represent the best approximation for a real system from
the viewpoint of the minimal mean square error (Marmarelis &
Marmarelis 1978). By analogy with an ordinary impulse character-
istic h(t), kernel series {hm} can be treated as a generalized, com-
posed impulse characteristic of a non-linear system. The first-order
kernel determines the linear part of the system response, whereas
higher-order kernels describe the quadratic, cubic and higher-order
non-linear corrections. The non-linear corrections express interac-
tions between the values of the input signal in the past with respect
to their influence on the response at present. Analysing the non-
linear components in the output, we can make a judgement about
the types and quantitative characteristics of the system non-linearity:
if the second Wiener functional G 2 provides the largest contribution
to the system response, the system possesses mostly quadratic non-
linearity; if the third functional G 3 contributes more, the system is
cubic non-linear, etc. (Marmarelis & Marmarelis 1978). Knowledge
of stress–strain relations in soil layers in strong ground motion al-
lows calculation of the propagation of testing signals in the studied
soil profiles and the non-linear identification of the soil behaviour
(Pavlenko 2001).

We applied these methods to perform the non-linear identifica-
tion of the behaviour of soils at PI, SGK and TKS vertical array
sites during the 1995 Kobe earthquake. Fig. 1 shows the locations
of these sites, the major principal axes, epicentres of the main shock
and aftershocks and the soil profiles. The procedure of estimation of
stress–strain relations in soil layers is described in detail in (Pavlenko
& Irikura 2003). The soil profiles were divided into groups of lay-
ers, according to their composition and saturation with water. For
these groups, physically justified types of stress–strain relations
were assumed. Sets of parametric stress–strain curves were gen-
erated and item-by-item examination was applied to find groups of
curves showing the best-fitting approximation to the observed data.
To account for temporal changes in the soil behaviour, records were
divided into intervals of 1.5-s duration. Within each interval, the
stress–strain relations were assumed to be stationary and to vary
for different intervals. Calculations were performed successively,
interval by interval.

The observed and simulated acceleration time histories of the
main shock (horizontal components) and 10 successive time inter-

vals used in our calculations are shown in Fig. 2. Fig. 3 illustrates es-
timated hysteretic non-linear stress–strain relations, averaged within
the groups of the upper layers at PI, SGK and TKS sites. The whole
set of stress–strain relations, obtained for all the depths, from the sur-
face down to the location of the deepest device, is given in (Pavlenko
& Irikura 2003). Because in our calculations stress–strain relations
are represented in their normalized form as suggested by Joyner
& Chen (1975), so that the same relations describe the behaviour
of different layers within a group, averaging of stress–strain rela-
tions within a group means finding average working intervals of the
normalized stress–strain relations within the group.

Thus, numerical models of the soil behaviour during the 1995
Kobe earthquake were constructed for PI, SGK and TKS sites. Re-
liability of the obtained representations at the three sites is verified
by the following.

(i) A good agreement between the observed and simulated
records and similarity of the stress–strain relations obtained for two
horizontal components (Figs 2 and 3).

(ii) Physical correctness of the description of the process: pro-
gressive liquefaction in the upper layers at PI, reduction and recovery
of the shear moduli in the upper layers at SGK and TKS, and stable
behaviour in deeper parts at the three sites.

(iii) An agreement between our estimates and conclusions of
other authors (Kawase et al. 1995; Sato et al. 1996; Kazama et al.
1998).

The obtained numerical models were used for the non-linear iden-
tification of the soil behaviour during the 1995 Kobe earthquake at
the three sites, i.e. for estimation of the contents of non-linear com-
ponents in the soil response at these sites. In the non-linear identifi-
cation, before calculating Wiener kernels and functionals, the stud-
ied non-linear system is usually tested by monochromatic signals,
in order to reveal the types and roughly estimate some quantitative
characteristics of the system non-linearity.

Testing signals used in our calculations, such as monochromatic
signals and the Gaussian white noise, were approximations to the
input seismic signals during the Kobe earthquake. As seen from
formulae (2)–(5), estimates of the Wiener kernels depend on the
intensity of the testing Gaussian white noise. To obtain reliable
estimates of the Wiener kernels, we tried to attain conditions of
propagation of testing signals close to real seismic waves during
the earthquake. We chose the intensity of testing signals so that the
working intervals of stress–strain relations during the propagation
of these signals in the soil layers were close to those ones during the
propagation of signals from the earthquake. However, in a layered
medium, propagation features of seismic signals with different spec-
tral compositions are different and, in general, it is not possible to
choose such intensity of testing signals that the working intervals of
stress–strain relations during the propagation of testing signals coin-
cide with those ones during the earthquake. Therefore, we chose the
controlling parameters, such as mean-square stresses, mean-square
strains and mean-square slopes of the stress–strain curves, within
the groups of layers, and in choosing the intensities of testing sig-
nals, we tried to adjust these parameters for the groups of layers.
Two groups of layers were considered for SGK and TKS sites and
five groups of layers for PI, as shown in Fig. 1.

In our previous study (Pavlenko & Irikura 2002b), only one pa-
rameter was used to adjust the intensity of testing Gaussian white
noise signals, such as an average slope of the stress–strain curves in
the groups of the upper layers. However, numerical examples show
that more exact estimates of Wiener kernels are obtained if we use
more parameters. In addition, we substantially increased the duration
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Figure 1. Locations of vertical array sites Port Island (PI), SGK and TKS around the Osaka bay, the major principal axes, the epicentres of the main shock
and aftershocks (derived from Sato et al. 1996) and the ground profiles and characteristic types of stress–strain relations.

of testing Gaussian white noise signals compared with our previous
study (Pavlenko & Irikura 2002b), because this also leads to more
accurate and reliable estimates of Wiener kernels and functionals
(Marmarelis & Marmarelis 1978).

3 R E S U LT S A N D D I S C U S S I O N

Fig. 4 presents the results of testing the obtained models of the soil
behaviour (East-West components) during the 1995 Kobe earth-
quake at the three sites with monochromatic signals. Spectra of
input monochromatic signals are shown in lower rows at each site

and above them are spectra of simulated signals at depths of loca-
tions of the recording devices for 10 successive time intervals. As
seen from the figure, signals, propagating up to the surface, acquire
higher harmonics of the main frequencies. The higher harmonics of
the main frequencies, which are generated during the propagation
of the monochromatic signals in the soil layers, indicate the types of
elastic non-linearity of the soil profiles. A large number of the higher
harmonics at PI and SGK sites testifies to a strong non-linearity of
the soil behaviour at these sites. Whereas at TKS site, few higher har-
monics are generated indicating a weaker non-linearity of the soil be-
haviour at TKS site. Generation of the third, fifth, seventh and other
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Figure 2. Acceleration time histories of the main shock of the 1995 Kobe earthquake, observed and simulated, at PI (a), SGK (b) and TKS (c) sites. Dash
lines indicated selected intervals, for which the results of the non-linear identification are shown in Figs 5(a)–(c).
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Figure 3. Estimated stress–strain relations in the soil layers during the 1995 Kobe earthquake, averaged within the groups of layers at (a) PI (1: 0–13 m and
2: 13–17.5 m), (b) SGK (0–11 m) and (c) TKS (0–14 m), for 10 successive time intervals. Scales in relative units are the same for all time intervals. Stress and
strain are scaled in the manner described by Joyner & Chen (1975): stress is normalized by multiplying by 1/τ max and strain is normalized by multiplying by
G max/τ max.

odd-order harmonics testifies to odd-order non-linearities of the soil
behaviour. Even-order higher harmonics, such as the second, fourth,
etc., are generated only in liquefied soils at PI and at SGK site during
the second and third time intervals of the strong motion.

Because non-linear hysteretic stress–strain relations determine
transformations of input seismic signals into the ground response,
generation of higher harmonics obviously depends on the shapes of
the stress–strain curves. Loading and unloading parts of the hys-
teretic stress–strain curves can be represented as sums of even and
odd functions (as known, any function defined within the area [−x ;
x] can be represented as a sum of an even function 0.5∗[ f (x) +
f (−x)] and an odd function 0.5∗[ f (x) − f (−x)] Korn & Korn
1968) and the odd components of the loading parts of the stress–
strain curves obtained for the three sites are usually larger than the
even components, except the latter intervals in the upper 13 m at PI,
where the stress–strain curves are very sloping (Fig. 3), and the even
and odd components are approximately equal. Even-order higher

harmonics are generated in the latter intervals at PI and at SGK site,
where the corresponding stress–strain curves gained noticeable even
components, and we can conclude that odd-order non-linearities are
typical for soils, whereas even-order non-linearities appear only in
cases when the loading (and unloading) parts of stress–strain rela-
tions represent functions with noticeable even components.

We should emphasize the difference between the described effects
of higher harmonic generation and the resonant amplification of seis-
mic signals in the upper soft soil layers. As known, resonant spectral
peaks are usually wide and fuzzy, in contrast to spectra shown in
Fig. 4. Here, we consider non-linear distortions of the propagat-
ing monochromatic signals, which are caused by the non-linearity
of the hysteretic stress–strain relations describing the behaviour of
the soil layers. For any frequencies of input signals, we will obtain
the same patterns of higher harmonics generation similar to those
shown in Fig. 4, which do not depend on the boundary conditions
of the models.
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Figure 4. Velocity spectra of testing monochromatic signals, propagating in soil layers, at depths of locations of the recording devices at PI (0, 16, 32 and
83 m), SGK (0, 24.9 and 97 m) and TKS (0, 25 and 100 m), for 10 successive time intervals.
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The results of testing our models by the Gaussian white noise
in 10 successive time intervals are shown in Figs 5(a)–(c) and 6,
and in Tables 1 and 2. Functionals of the Wiener series were calcu-
lated by the method of cross-correlation functions (Marmarelis &
Marmarelis 1978), and linear, non-linear quadratic, non-linear cubic
components and constant components of the ground response were
estimated according to formulae (2)–(5). Estimates of the zero-,
first-, second- and third-order kernels are based on input and output
signals of 500 000 points of duration (more than 40 min). These
kernels were used to calculate the responses of the linear models
and the non-linear corrections accounting for quadratic and cubic
non-linearities.

Figs 5(a)–(c) and Table 1 show the non-linear components of the
soil responses at PI (Fig. 5a), SGK (Fig. 5b) and TKS (Fig. 5c) sites,
and the non-linear quadratic and cubic components in percentages
of the whole intensity of the responses. At PI, liquefaction occurred
in the upper layers and five time intervals are shown in Fig. 5(a),
corresponding to different stages of liquefaction. Figs 5(b) and (c)
represent examples of the non-linear identification of the soil be-
haviour at the beginning, middle and final periods of the strong
motion at SGK and TKS sites. The results of the non-linear identi-
fication of the soil behaviour in 10 successive time intervals during
the 1995 Kobe earthquake at the three sites are given in Table 1.

A noticeable difference in the shapes of input and output signals
at PI (Fig. 5a) indicates a high non-linearity of the soil behaviour
of the upper layers, which increases with developing liquefaction.
A substantial non-linear component appears in the response of soils
at PI even during the first seconds of the strong motion, which in-
creases from ∼40 to ∼60 per cent with developing liquefaction
(Fig. 5a, Table 1). At the beginning of the strong motion, the non-
linear cubic component of the response substantially exceeds the
non-linear quadratic one. As liquefaction developed at PI, the non-
linear quadratic component of the response increased, whereas the
non-linear cubic component slightly decreased, so that their parts
in the soil response became approximately equal in liquefied soils.
At the same time, the residual part of the soil response, which is
partially the result of higher-order non-linearities, noticeably in-
creased with developing liquefaction, indicating an increase in the
higher-order (the fourth-, fifth-, sixth-order, etc.) non-linearities of
the soil response at PI. Estimates presented in Table 1 reveal these
tendencies, except the last time interval, where the non-linear com-
ponents of the soil response are weaker because of the decrease in
the intensity of the strong motion.

The residual parts of the response, remaining after subtraction
of linear, non-linear quadratic and non-linear cubic components
from the responses, characterize the parts of the higher-order non-
linearities, as well as inaccuracies of the estimates (Marmarelis &
Marmarelis 1978). The inaccuracies are caused by the finite dura-
tion and the boundedness of the spectral band of the Gaussian noise,
by truncation of tails of the normal distribution of noise amplitudes
and by inaccuracies in calculations. The detailed error analysis and
correction methods are given in (Marmarelis & Marmarelis 1978).
To evaluate the level of inaccuracies in the obtained estimates, we
performed numerical simulations with linear models, where linear
stress–strain relationships, similar to Hooke’s law, were used instead
of the non-linear hysteretic ones. We found that for the selected
duration of testing Gaussian white noise signals (500 000 points)
estimated non-linear components of the responses of linear models
do not exceed 0.8–1 per cent of the intensity of the response. We
took these values as a rough estimate of the accuracy of our cal-
culations of the Wiener functionals in the non-linear identification.
However, inaccuracies in estimates of the contents of the non-linear

components in the soil response during the 1995 Kobe earthquake
at PI, SGK and TKS sites are evidently higher, up to some per cent,
because they account for deviations of the constructed numerical
models of the soil behaviour during the 1995 Kobe earthquake at
these sites from the real soil behaviour.

At SGK site, changes in the behaviour of the upper layers during
the earthquake were also high and the non-linear part of the response
reached ∼39 per cent, whereas at TKS site it did not exceed ∼13 per
cent. As seen from Table 1 and Figs 5(b) and (c), the parts of non-
linear components in the soil response at SGK and TKS sites change
in accord with the intensity of the strong motion: they are small at
the beginning and at the end of the strong motion, but they grow
up and reach their maxima in the middle of the strong motion at
moments of its highest intensity. The quadratic, cubic and higher-
order non-linear components of the response show similar trends and
the non-linear cubic components are substantially higher than the
non-linear ratic ones. On the whole, the non-linear components of
the response are noticeably higher at SGK than at TKS site (Table 1).

Zero-order kernels h0 represent quasi-static deformations of the
surface, that is, non-zero values of h0 indicate slow shifting of the
surface layers to one or the other side in their oscillations. This effect
can be interpreted as a result of accumulation of residual shift de-
formations on the surface (Zvolinskii 1982). The asymmetry of os-
cillations is connected with even-order non-linearities (Marmarelis
& Marmarelis 1978). Figs 5(a)–(c) show the values of the quasi-
static deformations, obtained in our numerical simulations. Higher
values of the quasi-static deformations at PI site and in the second
time interval at SGK site compared with similar values for TKS site
indicate higher contents of the even-order non-linearities in the soil
response at PI and SGK sites. At PI, the quasi-static deformations
increase with developing liquefaction, indicating an increase in the
even-order non-linearities.

Below in Figs 5(a)–(c), values of the first-order Wiener kernel
h1(τ ), the diagonal values of Wiener kernels h2(τ 1, τ 2) and h3(τ 1,
τ 2, τ 3), and averaged within the upper layers stress–strain relations,
which are due to the propagation of the Gaussian white noise in the
soil profiles at PI, SGK and TKS sites, are presented. To discuss
the meaning of the Wiener kernels, let us represent the loading (or
unloading) parts of the stress–strain relations as the power series

σ (ε) = a1ε + a2ε
2 + a3ε

3 + a4ε
4 + a5ε

5 + . . . , (6)

where σ is stress, ε is strain and a1, a2, a3, a4, a5 are constant
coefficients. The first term in the series a1ε describes the linear de-
pendence (the Hooke’s law); the others are non-linear corrections. In
this representation, the first-order kernel h1(τ ) is related to the linear
term, so that the maximum of the function h1(τ ), corresponding to
the time of seismic wave propagation from the depth of location of
the deepest device to the surface, estimates coefficient a1, whereas
h2(τ 1, τ 2) and h3(τ 1, τ 2, τ 3) are related to the quadratic and cubic
non-linear corrections, and maxima or minima of h2(τ , τ ) and h3(τ ,
τ , τ ) [achieved at the same time delays as maxima of h1(τ )] evaluate
coefficients a2 and a3, respectively.

We can see from Figs 5(a)–(c) that the first-order kernels h1(τ )
and the diagonal values of the second- and third-order kernels h2(τ 1,
τ 2) and h3(τ 1, τ 2, τ 3) change with time during the strong motion,
and the diagonal values of h3(τ 1, τ 2, τ 3) are usually substantially
higher than the diagonal values of h2(τ 1, τ 2) and h1(τ ), especially at
the beginning of the strong motion in the domain of small strains and
large values of a1. The obtained estimates indicate a high variability
of functions h2(τ 1, τ 2) and h3(τ 1, τ 2, τ 3), especially h3(τ 1, τ 2,
τ 3), during the strong motion and a wide range of their variations.
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Figure 5. (Continued.)

As Figs 5(a)–(c) show, extreme values of h3(τ 1, τ 2, τ 3) can be tens or
hundreds of times higher than h1(τ ). Thus, our results explain high
values of effective parameters of elastic non-linearity in subsurface
soils of ∼102 ÷ 104, obtained in field experiments (Gushchin &
Shalashov 1981; Shalashov 1984; Groshkov et al. 1991), as well as
their large variations. Because seismology deals with a wide range of
strain levels and, moreover, soils can change their properties during
the strong motion, large variations of the effective parameters of
non-linearity are easy to understand. According to our estimates,
the range of strains during the 1995 Kobe earthquake at the three
sites was approximately 10−5–10−3.

Loading and unloading parts of the hysteretic stress–strain curves
can be represented as sums of even and odd functions, and our results
confirm that the relationships between the even and odd components
of the stress–strain curves define the relationships between even-

order and odd-order non-linear components of the soil response.
Figs 5(a)–(c) show even and odd components of the loading parts
of the stress–strain curves together with the stress–strain curves:
convex-up arcs crossing the hysteretic loops represent the even com-
ponents and diagonal lines inside the loops show the odd compo-
nents. Ratios of the amplitudes of the odd to the even components
are designated as o/e and also shown in the figure.

As liquefaction developed at PI, the stress–strain relations in the
upper layers became more and more sloping, the even components
of the loading parts of the stress–strain curves increased and the
even-order non-linear components in the soil response increased
(Fig. 5a). Loading parts of the stress–strain relations describing the
behaviour of the upper soil layers at SGK site also gained substantial
even components, when the intensity of the strong motion increased
to its highest values; as a result, noticeable even-order non-linear
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Figure 5. (Continue.)

components appeared in the soil response at SGK (Fig. 5b). At TKS
site, the intensity of the strong motion was not so high, the load-
ing parts of the stress–strain relations describing the soil behaviour
represent predominantly odd functions and even-order non-linear
components in the soil response were weak (Fig. 5c).

At the three sites, temporal changes in the Wiener kernels during
the strong motion are significant (Figs 5a–c). At PI, maxima of
the first-order Wiener kernels h1(τ ) decrease and shift to larger
time delays, which is a result of the increased sloping of the stress–
strain relations. Amplification of seismic waves decrease and shear
moduli in the upper layers decrease with developing liquefaction,
whereas the traveltimes of seismic waves increase. At the same time,
the first-order kernels become smoother and wider, which testifies
to the rising predominance of low-frequency oscillations on the
surface, and the second-order kernels h2(τ 1, τ 2) grow and smooth

with developing liquefaction. At SGK and TKS sites, changes in
the Wiener kernels are also substantial, and we can note that an
increase in the intensity of the strong motion leads to smoothing of
the Wiener kernels and decreasing their amplitudes.

Fig. 6 demonstrates spectra of testing Gaussian white noise sig-
nals, obtained in our numerical simulations, at depths of locations
of the recording devices at the three sites in 10 successive time
intervals. These spectra show an important tendency of spectral
transformations in the soil layers, such as, spectra of signals on the
surface tend to take the form of E( f ) ∼ f −k (Fig. 6). Shapes of
spectra at intermediate depths (16 and 32 m at PI; 24.9 m at SGK
and 25 m at TKS) testify to the resonant amplification of some
spectral components in the inner layers. At the same time, interac-
tions of the spectral components take place together with their reso-
nant amplification and lead to generation of combination-frequency
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Figure 6. Velocity spectra of the testing Gaussian white noise, propagating in soil layers, at depths of locations of the recording devices at PI (0, 16, 32 and
83 m), SGK (0, 24.9 and 97 m) and TKS (0, 25 and 100 m), for 10 successive time intervals.
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Table 1. Non-linear components of the soil response estimated in the numerical simulation with the Gaussian white noise.

Number of 1 2 3 4 5 6 7 8 9 10
time interval

Port EW nl 41.9 49.7 37.7 54.5 46 53.1 53 54.2 59.3 48.3
Island nl-2 8.7 9.4 7.3 10.6 8.7 10.1 10.2 10.5 11.8 8.6

nl-3 14.3 13.2 11.5 12.9 10.6 9.2 9.0 9.1 9.9 8.7
res 21.3 27.3 20.2 30.5 28.6 31.3 30.6 31.3 33.3 28.8
nl 39.1 51.2 40.2 39.3 49.4 44.8 59 53.2 56.9 47.2

nl-2 7.2 9.5 7.3 7.3 9.2 8.3 10.5 9.3 10.7 9.1
NS nl-3 12.9 14 13.6 13.4 12.4 13.2 9.9 9.5 9.1 9

res 20.3 27.5 20.8 20.3 28.1 23.8 34.9 31.5 33.4 27.3

SGK EW nl 4.3 39.1 35.2 28.8 33.6 11.1 10.3 9.7 8.9 8.9
nl-2 0.8 7.3 6.7 5.3 6.4 2.1 2 1.8 1.7 1.7
nl-3 2.3 12.9 11.9 11.2 11.4 4.9 4.9 4.4 3.8 3.7
res 2.2 20.6 17.7 14.9 17.7 5.4 4.9 4.7 4.6 4.5
nl 3.4 27.4 37.5 33.9 14.8 22.5 11.3 8.2 7.6 6.2

nl-2 0.6 5.1 6.6 6.4 2.8 4.4 2.1 1.6 1.4 1.2
NS nl-3 1.7 9.2 18.8 12.2 6.8 8.4 5 3.7 3.6 2.5

res 1.8 13.8 26.4 17.3 7.4 11.2 5.5 4.1 4 3.1

TKS EW nl 1.8 4.3 6.2 7.3 6.1 7.5 5.7 4.6 2.9 3.2
nl-2 0.3 0.8 1.2 1.4 1.2 1.4 1.1 0.9 0.5 0.6
nl-3 0.8 2.2 3 3.7 2.9 4.4 3 2.3 1.3 1.9
res 1.2 2.3 2.8 3.3 2.8 3.7 2.8 2.4 1.6 2

NS nl 1.4 3.5 9.1 12.7 10.5 11.1 9.1 3.8 4.1 2.5
nl-2 0.3 0.7 1.7 2.4 2 2.1 1.7 0.7 0.8 0.5
nl-3 0.6 2 5.2 6.6 5.3 5.8 5.1 2.3 2 1.1
res 1.1 2.2 4.4 5.7 4.6 5.1 4.5 2.4 2 1.5

nl is the non-linear part of the response, which represents the deviation of the response of a real system from the response of the linear model constructed by
the zero- and first-order kernels {h0, h1};
nl-2 is the non-linear correction as a result of quadratic non-linearity predicted by kernel {h2};
nl-3 is the non-linear correction as a result of cubic non-linearity predicted by kernel {h3};
res- the deviation of the system response from the response of the non-linear model predicted by kernels {h0, h1, h2, h3}.

Table 2. Coefficient k estimated in the numerical simulation with the Gaussian white noise in 10 successive time intervals and from the surface velosigramms
of the 1995 Kobe earthquake (the last column).

Number of 1 2 3 4 5 6 7 8 9 10 EQ
time interval

Port EW −1.33 −1.3 −1.35 −1.18 −1.24 −1.23 −1.31 −1.13 −1.28 −1.32 −1.21
Island NS −1.31 −1.31 −1.35 −1.37 −1.28 −1.43 −1.25 −1.26 −1.22 −1.44 −1.39

SGR EW −0.31 −1.28 −1.51 −1.1 −1.43 −1.46 −1.3 −1.28 −1.08 −1.08 −1.46
NS −0.25 −1.41 −1.26 −1.51 −1.48 −1.48 −1.45 −1.43 −1.42 −1.34 −1.39

TKS EW −0.32 −0.51 −0.62 −0.69 −0.63 −0.69 −0.6 −0.52 −0.4 −0.43 −1.45
NS −0.29 −0.45 −0.79 −0.95 −0.86 −0.89 −0.79 −0.47 −0.49 −0.38 −1.56

harmonics in the low and high frequency ranges, amplitudes of
combination harmonics being related to their frequencies (Zarembo
& Krasil’nikov 1966). As a result, the energy is redistributed over
the spectral band so that low-frequency components increase, sharp
spectral peaks disappear and the resulting spectrum of the output
tends to take the limiting smooth form of E( f ) ∼ f −k (Fig. 6).

Table 2 represents estimates of coefficient k obtained in our nu-
merical simulation with the Gaussian white noise in 10 successive
time intervals and coefficient k estimated from the surface velosi-
gramms of the 1995 Kobe earthquake. As is seen from the table,
at PI, coefficient k does not change much with developing lique-
faction and varies within the limits of ∼1.13 to ∼1.44, whereas at
SGK and TKS, variations of coefficient k are substantial. Note that
in cases when spectra of signals on the surface can be accurately
approximated by expression E ∼ f −k , k values are close to 1.3 ÷

1.4 (Fig. 6, Table 2). These cases are marked in bold in Table 2.
Non-linear distortions of the propagating signals were high at PI
and all the spectra of signals on the surface took the smooth form of
E ∼ f −k (Fig. 6). At SGK and TKS sites, non-linearity was not so
strong and spectra of signals on the surface approach their limiting
form only at SGK in the intervals of the highest intensity of the
strong motion, and in these cases coefficients k take values similar
to those at PI, i.e. 1.26–1.41. At TKS site, spectra of signals on the
surface can not be accurately approximated by expression E ∼ f −k

and coefficients k vary during the strong motion, increasing in its
middle period.

Values of coefficient k estimated from the surface velosigramms
of the 1995 Kobe earthquake are shown in the last column in Table 2.
These values are close to those obtained in the numerical simulation
with the Gaussian white noise, especially for PI. Velocity spectra of
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Figure 7. Acceleration spectra of the main shock of the 1995 Kobe earthquake at PI, SGK and TKS sites.

the 1995 Kobe earthquake are more close to the form E ∼ f −k in
the case of PI and less close in the case of TKS site.

Thus, intense seismic waves can suffer substantial distortions
in subsurface soils; as a result, the information about the spectral
composition of input signals is lost. However, the limiting shape
of spectrum can be attained only in numerical simulation, when
we analyse long-duration signals. In practice, we observe only the
tendency of increasing low-frequency components and smoothing
spectral peaks, because spectra are calculated for rather short inter-
vals of records. Acceleration spectra of the 1995 Kobe earthquake
are shown in Fig. 7 and the tendency is clearly seen: upward prop-
agating seismic signals gain in the low-frequency components and
loose sharp spectral peaks at high frequencies. As a whole, accel-
eration spectra of signals on the surface and at depths possess few
common features.

4 C O N C L U S I O N S

We carried out the non-linear identification and estimated linear and
non-linear components of the soil response during the 1995 Kobe
earthquake at PI, SGK and TKS sites. The conclusions of the study
are as follows.

The non-linear components of the soil response decreased with
the distance from the fault plane from values of ∼60 per cent at PI (2
km from the fault plane) to ∼ 40 per cent at SGK (6 km from the fault
plane) and to ∼13 per cent at TKS (15 km from the fault plane; the
strain range is 10−5–10−3). Odd-order non-linear components usu-
ally predominate in the soil response, whereas even-order non-linear
components become comparable to odd-order ones only in cases of
liquefied soils or high intensity of the strong motion, when the load-
ing parts of stress–strain relations in the upper layers gain noticeable
even components. Constant components of seismic wavefields, i.e.
quasi-static deformations of the surface, change in accord with the
even-order non-linear components of the soil response. Liquefac-
tion induces a substantial increase in the non-linear components of

the soil response, from ∼40 to ∼60 per cent of the intensity of the
response at PI, and changes in the predominant types of the soil non-
linearity, which are the result of the rise of the even-order non-linear
components of the response.

The ratio of the even-order non-linear components of the soil
response during the strong motion to the odd-order non-linear com-
ponents corresponds to the ratio of the even to the odd components of
the loading parts of the non-linear hysteretic stress–strain relations
of the upper most non-linear soil layers.

In cases of strong non-linearity, i.e. thick sedimentary layers and
strong ground motion, spectra of seismic signals on the surface
tend to take the form of E ∼ f −k . This limiting spectral shape was
achieved at PI and SGK sites during the 1995 Kobe earthquake and
k ≈ 1.2 ÷ 1.4 for velocity spectra on the surface.

The proposed methods for processing vertical array records al-
low extracting maximum information on the soil behaviour from the
records, and help in understanding the mechanisms of transforma-
tions of seismic waves in subsurface soil layers and predicting the
soil behaviour during future earthquakes.
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